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ABSTRACT

Semi-supervised learning has become a hot learning framework, where large amounts of unlabeled data
and small amounts of labeled data are available during the training process. The recently proposed Lapla-
cian least squares twin support vector machine (Lap-LSTSVM) is an excellent tool to solve the semi-
supervised classification problem. Motivated by the success of Lap-LSTSVM, in this paper, we propose
a novel Laplacian Lp norm least squares twin support vector machine (Lap-LpLSTSVM). There are sev-
eral advantages of our proposed method: (1) The performance of our proposed Lap-LpLSTSVM can be
improved by the adjustability of the value of p. (2) The introduced Lp norm graph regularization term
can efficiently exploit the geometric information embedded in the data. (3) An efficient iterative strategy
is employed to solve the optimization problem. Besides, to demonstrate that our proposed method can
make use of unlabeled data effectively, least squares twin support vector machine (LSTSVM) which only
uses the same labeled data is used to compare with our proposed method. The experimental results on
both synthetic and real-world datasets show that our proposed method outperforms other state-of-the-

art methods and can also deal with noisy datasets.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

In many real-world applications such as natural language pars-
ing (NLP) [1], spam filtering [2], it is challenging to acquire enough
labeled data to train. However, the acquisition of unlabeled data is
accessible. In such situations, the performance of traditional super-
vised algorithms will deteriorate because of the insufficient labeled
data. Therefore, semi-supervised learning (SSL) [3] is introduced to
address this problem, which uses a large number of unlabeled data
along with a few labeled data to train the model.

Support vector machine (SVM) is an efficient and effective tool
for the tasks of classification and regression [4]. After the intro-
duction of SVM, it outperformed a large number of other tools in
a wide of applications [5,6]. Recently, Marchetti and Perracchione
[7] proposed local-to-global support vector machine (LGSVM),
which is based on the approximation theory and local kernel-based
models. LGSVM is a global method which is constructed by gluing

* Corresponding author.

E-mail addresses: xjxiell@gmail.com (X. Xie), feixiangsun2022@163.com
(F. Sun), qianjiangbo@nbu.edu.cn (J. Qian), guolijun@nbu.edu.cn (L. Guo),
zhangrong@nbu.edu.cn (R. Zhang), yexlwh@163.com (X. Ye), zhijinecnu@gmail.com
(Z. Wang).

https://doi.org/10.1016/j.patcog.2022.109192
0031-3203/© 2022 Elsevier Ltd. All rights reserved.

local SVM contributions by support weights. Meanwhile, LGSVM
improves the execution time and does not lose the overall clas-
sification capability. However, the computational complexity of the
quadratic programming problem (QPP) is enormous. It will take a
long training time when the datasets are large. In order to opti-
mize SVM, in recent years, various algorithms have been proposed.
Mangasarian and Wild [8] proposed generalized eigenvalue proxi-
mal support vector machine (GEPSVM), which relaxes the bound-
ing or proximal planes to be nonparallel in the input space. Li
et al. [9] proposed L1-norm proximal nonparallel support vector
machine (L1-NPSVM), which uses a justifiable iterative technique
to solve a pair of L1-norm optimal problems and has no parame-
ters to be regularized. In the real world, the same object can be
described from multiple views. SVM can also be combined with
multi-view learning. For example, Sun et al. [10] proposed multi-
view GEPSVM, which can effectively combine two views by the in-
troduction of multi-view co-regularization term and the consensus
on distinct views is maximized. However, multi-view GEPSVM ig-
nores discriminations between different views and agreement of
the same view. Therefore, Cheng et al. [11] proposed improved
multi-view GEPSVM via inter-view difference maximization and
intra-view agreement minimization, and they also designed an ef-
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fective iterative algorithm and proved its convergence by the the-
ory and experiment.

Jayadeva et al. [12] proposed twin support vector machine
(TSVM) which seeks a pair of nonparallel hyperplanes and as-
signs the label of new data depending on which of the two hy-
perplanes it is closer to, and it is four times faster than the stan-
dard SVM. There are also lots of variants for TSVM, for example,
Kumar and Gopal [13] presented smooth twin support vector ma-
chine (STSVM), which uses smoothing techniques for TSVM, and
converts QPP into unconstrained minimization problem and can
be solved by the well-known Newton-Armijo algorithm. Addition-
ally, they also presented least squares twin support vector machine
(LSTSVM) [14] in which two modified primal problems are solved
instead of two dual problems, and the computational time is lesser
than the one of standard TSVM. Nevertheless, TSVM is not efficient
enough to solve large-scale data problems and it obtains the op-
timal hyperparameters by the grid search method which is time-
consuming. Therefore, Pan et al. [15] presented a safe screening
rule (SSR) for linear TSVM and modified safe screening rule (MSSR)
for nonlinear TSVM. Most training data can be deleted by SSR and
MSSR and the scale of TSVM is reduced before solving it. Besides,
the hyperparameters tuning process can be accelerated by the se-
quential versions of SSR and MSSR. TSVM can also be combined
with multi-view learning, for example, Xie and Sun [16] proposed
multi-view twin support vector machine (MvISVM) which can be
solved by a pair of quadratic programming problems (QPPs). Then,
they also extended it to semi-supervised learning and proposed
multi-view Laplacian twin support vector machine [17] whose dual
optimization problems are also QPPs. After that, they also proposed
multi-view support vector machines and multi-view twin support
vector machines with the consensus and complementarity infor-
mation [18], which not only can deal with multi-view classifica-
tion problems, but also combine the consensus and complemen-
tarity principles. Chen et al. [19] presented a novel twin support
vector machine for multi-label learning which constructs multiple
nonparallel hyperplanes to exploit the potential multi-label infor-
mation embedded in the data.

Manifold regularization (MR) [20] is one of the most efficient
strategies for SSL. The MR introduces a regularization term to
capture the geometric information embedded in the data for SSL
and traditional machine learning model can be combined with
MR. For example, Sun and Shawe-Taylor [21] proposed sparse
semi-supervised learning using conjugate functions, which uses
Fenchel-Legendre conjugates to rewrite a convex insensitive loss
including a regularization with unlabeled data. Meanwhile, they
also presented a globally optimal iterative algorithm to optimize
the problem. Belkin et al. [22] include the intrinsic smoothness
penalty term to SVM and extended SVM to semi-supervised field.
Qi et al. [23] proposed Laplacian twin support vector machine
(Lap-TSVM), which is able to exploit the geometric information
of the marginal distribution embedded in the unlabeled data to
seek two nonparallel hyperplanes for semi-supervised classifica-
tion. However, Lap-TSVM needs to solve two QPPs with matrix in-
version, which is time-consuming. In order to reduce the compu-
tational cost, Chen et al. [24]| proposed Laplacian least twin sup-
port vector machine (Lap-LSTSVM) for semi-supervised classifica-
tion, which solves two systems of linear equations and can be
efficiently performed with conjugate gradient (CG) algorithm. Be-
sides, they also introduced a meaningful hyperparameter to bal-
ance the regularization terms. Liu et al. [25] presented nonpar-
allel support vector machine (NPSVM) with large margin distri-
bution for pattern classification, which firstly reconstructs large
margin distribution and then introduces it into NPSVM to process
small and medium-scale datasets. Kang et al. [26] proposed struc-
tured graph learning framework to preserve the local and global
structure. The self-expressiveness of data is used to capture global
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structure and adaptive neighbor is used to capture local struc-
ture. Besides, the rank constraint is considered to achieve graph
to have exact ¢ connected components and multiple kernel learn-
ing is presented to avoid the extensive search for suitable kernel.
The disadvantage of structured graph learning framework is that
its time complexity is high. Nie et al. [27] proposed multi-view
clustering and semi-supervised classification with adaptive neigh-
bors, which performs clustering/semi-supervised classification and
local structure learning simultaneously. There are also lots of ap-
plications for semi-supervised learning such as structural health
monitoring. For example, Garrett et al. [28] presented a multires-
olution classification framework for semi-supervised learning. The
multiresolution framework is used to handle nonstationarities in
the signals and extract features in each localized time-frequency
region. Meanwhile, an adaptive graph filter was also proposed for
semi-supervised classification, Bull et al. [29] proposed a semi-
supervised Gaussian mixture model for probabilistic damage clas-
sification, which improves the classification accuracy significantly.
Agrawal and Chakraborty [30] investigated an alternative semi-
supervised approach for damage identification. Unlike the graph-
based approach, the classification for their proposed method is not
based on edge-weight for the data. As a result, two points nearing
each other do not necessarily have the same labels.

However, the L2 norm is sensitive to the noises and outliers
[31]. Therefore, in this paper, we propose a novel Laplacian Lp
norm least squares twin support vector machine termed Lap-
LpLSTSVM for semi-supervised classification, and the architecture
of our proposed Lap-LpLSTSVM is illustrated in Fig. 1. In contrast
to Lap-SVM, Lap-TSVM, and Lap-LSTSVM, the contributions of this
paper are as follows:

e An Lp norm graph regularization term based on the technique
of eigenvalue decomposition is introduced to exploit the geo-
metric information embedded in the data, which can boost the
generalization ability of our model.

The Lp norm is introduced instead of the L1 norm or L2 norm,
which can achieve the desired performance by choosing the ap-
propriate value of p.

An efficient iterative strategy is designed to solve the optimiza-
tion problem.

The appropriate hyperparameters will be obtained by the strat-
egy of cross-validation, experimental results show that our pro-
posed method outperforms other state-of-the-art methods in
the linear and nonlinear cases.

The remaining parts of this paper are organized as follows:
Section 2 briefly describes the background of Lap-SVM, Lap-TSVM,
and Lap-LSTSVM. Section 3 introduces the details of our proposed
Lap-LpLSTSVM in the linear and nonlinear cases. Section 4 shows
the experiments we make and the analysis for the experiments. In
the last of this paper, we give the conclusions.

2. Related work

In this paper, all the matrices are written in uppercase. The vec-
tors and scalars are written in lowercase. For matrix A and vector
e, we denote AT and e' as their transpose, respectively. Meanwhile,
A~! denotes the inverse matrix for matrix A.

A binary semi-supervised classification problem is considered
in the d dimensional real space RY. The total dataset is repre-
sented as M = {(x1.y1). ... (X, ¥1). ... Xy}, Let X = {x;}}_, e RIx4
denote the labeled data, Y; = {y,-}f:1 e {-1,1} denote the labels,

Xy ={x; ﬁ:l“ﬂ denote the unlabeled data. We denote A € RM1*d 35

the labeled data belonging to “+1” class and B € R™*4 as the la-
beled data belonging to “—1" class, where m; + m, = indicates
the total labeled data.
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Fig. 1. The framework of our proposed Laplacian Lp norm least squares twin support vector machine (Lap-LpLSTSVM). The red points, blue points and white points represent
the positive, negative and unlabeled data respectively. With the input data, local neighborhood graph will be constructed by the k nearest neighbors. Lp norm is used to
measure the distance and Lp norm graph regularization term is used to exploit geometric information embedded in the data to obtain the desired performance with the
flexible value of p. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

2.1. Lap-SVM

Lap-SVM [32] is a semi-supervised extension of SVM, which ex-
ploits the geometry of probability distribution with the regulariza-
tion term. In one word, if two data x;, x, are close in the intrinsic
geometry Py(x), the condition probability distributions Pyx (y|x1)
and Fyx(ylxz) are similar. The regularized minimization function
in Lap-SVM is formulated as

fr=argmingy, 13 VL yi ) +all FIZ + el fIIZ, (1)

where f is the decision function, c¢; controls the complexity of
function f in the reproduction kernel Hilbert space (RKHS) Hy, [ is
the number of labeled data, V is loss function such as squared loss
or hinge loss, ¢, controls the complexity of the function in the in-
trinsic geometry of marginal distribution. || f||? is empirically esti-
mated from the labeled and unlabeled data using the graph Lapla-
cian. We have

12 = 30 D W) - F)Y?

i=1 j=1

= ) + YA )
i=1 Jj=1

=23 > Wi f () f(x)))

i=1 j=1

=Y dif?(x) = Y > Wi f(x)f(x))
i

i=1 j=1

= fT(D-W)f, (2)

where L =D — W is the Laplacian matrix. D is the diagonal matrix
and D;; = Zﬂj{ Wj;. W can be obtained by k nearest neighbors.

2 . .
W = exp (— % = x4]| /282) if x;, x; are neighbors, 3)

otherwise.

IIf] |% is a regularization term of functions concerning RKHS. There-
fore, Lap-SVM is denoted as

mingey, Zi’:] max(1 —y;f(x;),0) + cia Ko + ¢, fTLf, (4)

where « is the coefficient over finite dimensional space, K is the
kernel matrix with K(x;, x;) as its (i, j)th element. By introducing
the slack variable &;, the unconstrained problem can be written as
a constrained one,

MiNy g g g Ybg & + 1o Ko + co00TKLK ot
s.t. y,—(ZS-‘Z1 (Xl‘k(X,‘,Xj)-i-b) >1 —r‘;:,‘, i=1,...,1 (5)
£>0 i=1,...,1L

Then the dual problem for Eq. (5) is shown as

maxgcp Zi:l Bi - %,BTQﬂ

s.t. 25:«1 ﬁiyi = O, (6)
0<Bi=<1, i=1,....1

where Q=YjﬁK(ZC1I+262KL)*1jZY, Jr € R is the matrix [I, 0]
where I € RI*! is the identity matrix and O € RI*! is a rectangular
matrix with all zeros. Y € R'*! is a diagonal matrix composed by
labels y;,i=1,...,l. The Preconditioned Conjugate Gradient (PCG)
algorithm [32] can be employed to calculate the parameters of hy-
perplanes. Then the labels of the unlabeled data can be calculated
by

Hu %

yj=sign(Ci KX x)(G=1+1,.... 1 +u). (7)

2.2. Lap-TSVM

Lap-TSVM extends TSVM to the semi-supervised case. The goal
of Lap-TSVM is to exploit the underlying geometric information
embedded in the data to generate a better classifier. In order to
achieve this purpose, in the linear case of Lap-TSVM, it aims at
seeking the following two nonparallel hyperplanes

fikx) =w]x+b; =0, (8)

fr(x) =w]x+by =0, (9)
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where w;, w, € R? are normal vectors and by, b, € R are bias. The
empirical risk of Lap-TSVM is implemented by the following L2 and
L1 norm loss functions

Ri(f) = XM (f1(A))? + ¢ Y, max(0, 1+ f1(By)). (10)

Ry(f) = X (f2(B))? + ¢ Y1, max(0, 1 — fr(Ay)). (11)

where ¢; > 0 is the penalty parameter to trade off the loss terms
in Egs. (10) and (11). Consider the RKHS regularization terms

Ifi11Z = 3 (lwall? + b3), (12)
I1£213 = 3 (w2 1> + b3), (13)
and manifold regularization terms

Il fill3, = 3 (Mw; + eby)TL(Mw; + eby), (14)
Il £2113, = 3 (Mws + eby) TL(Mw; + eb,), (15)

therefore, the formulation for Lap-TSVM can be expressed as

min,, p, ¢ 3 [|Aw1 + e1b1 |2 + cre] € + ca([lwq || + b3)
+c3(Mwq + eb])TL(MW1 +ebq) (16)
st. —(Bwy+eb)+&>e, §>0,

and

min,,, p, , 3 [|1BW2 + e2ba |12 + cre] n + ca ([lwa ||? + b3)
—+C3 (MW2 + ebz)TL(sz + Ebz) (17)
st. Awy+eby+n>e, n=>0,

where cq, ¢, c3 > 0 are the hyperparameters of regularization term,
& e R™, n e R™ are the slack vectors and || - | denotes the L2
norm. eq, e; and e are the vectors of ones with appropriate dimen-
sions. A € R™*4 and B e R™*4 are the positive and negative train-
ing data, respectively. The dual problems of QPPs for Egs. (16) and
(17) can be formulated as

maxy e; o — 3aTG(HTH + ¢l + ¢3) L)) 'GTa

st. 0<oa <cey, (18)

maxge] f — 1BTH(GTG+ ol +c3]"L)'HT B

st. 0<pB <ceq, (19)

where H =[Aeq],G=[Be;] and J=[Me]. Once the Eqs. (18) and
(19) are solved, the two nonparallel hyperplanes can be obtained
by

v =—HH+cl+c3) L) G e,

v = (GC'G+ el + ¢ 'L)THT B, (20)
where vy = [w] b]"(k=1,2). Each hyperplane is closer to one
class and as far as possible from the other class. When two nonpar-
allel hyperplanes are obtained, a new data x € R? can be assigned

to the corresponding class “ + 1” or “ - 1” depending on which of
the two hyperplanes it is closer to, i.e.

. w!x+b w] x+b.
f@) = sign(SGr — T )- (21)

2.3. Lap-LSTSVM

In this section, we introduce the formulation of Laplacian least
squares twin support vector machine. First of all, the empirical risk
for Lap-LSTSVM is written as

Ri(f) =X (fi(A))? +c1 X3 (fi(By) + 1)2, (22)

Ry(f) = X (f2(B))? +c1 X1 (f2(A) — 1)2, (23)
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the formulation of Lap-LSTSVM can be expressed as
. 1
min £1 = = [|Aw; + e1bq [|* + c1[|Bwy + exby + €512
wy.by 2
+Ca([wi[|* + b3) + c3(Mwy + eby) 'L(Mw; + eby),
(24)

and
. 1 2 2
min £ = 5 ||Bwy + exba [|* 4 ¢1[|Aw; + e1ba — €|
wy,by 2
+¢2 (w212 + b3) + c3(Mw; + eby) "L(Mw; + eby),

(25)

where ¢4, ¢y, c3 > 0 are hyperparameters. A € R™*4 and B € R™2xd

are positive and negative training data, respectively. M ¢ R(+xd jg

all the training data. e, e, and e are the vectors of ones with ap-

propriate dimensions. Take the partial derivatives of Eq. (24) with

respect to w; and b; and set them to zero, the following equa-
tions can be obtained

VW]£1 = AT(AW1 + €1 bl) + C1BT (BW] + €2b1 + 32) + CHowq
+c3MTL(Mw; + eby) =0, (26)

and

Vblﬁl = GI (AW1 + €1 bl) + C]BT (Bw; + €2b1 +ey)+ C2b]
+c3e"L(Mwy +eby) =0. (27)

The joint matrix form of Eqs (26) and (27) is formulated as

HTHU1 + 1 GTGU1 +C1 GTez + OV + C3JTL_]U] =0, (28)

where H=[Ae;].G=[Be;].J=[Me],v; = [w] b1]". The solution
of Eq. (28) can be shown as

Pvy = —c1G ey, (29)

where P=HTH +¢;G"G + ¢l + c3JTIJ. Similarly, the solution of
Eq. (25) can be obtained by

Quy =c1HTey, (30)

where v, =[w] by]T and Q=G G+cHTH+cl+c3)TL. A
powerful conjugate gradient algorithm is employed to solve
Egs. (29) and (30).

Once the solutions (wq,b;) and (w,, b) are obtained. A new
data x e R? is assigned to the corresponding class depending on
which of two hyperplanes it is closer to, i.e.,

. . TX+b
classi = argmin;_; , ‘Wl’lf‘ka”k'. (31)

3. Proposed method

3.1. Linear Laplacian Lp norm least squares twin support vector
machine

In this section, we elaborate on the formulation of our pro-
posed Laplacian Lp norm least squares twin support vector ma-
chine. Since Laplacian matrix L is real symmetric, it can be decom-
posed into the following formulation by the technique of eigen-
value decomposition

L=UVUT, (32)

where U is a matrix composed of eigenvectors and V is a diagonal
matrix whose diagonal elements are eigenvalues corresponding to
the eigenvectors. Then the graph regularization term can be writ-
ten as

JZ)"UVUT (JZ) = |PZ|1?, (33)
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where Z, = [w] b]T(k=1.2), ] = [Me], M e R*®>d includes all

the labeled and unlabeled data, P = V%UTJ. To promote the perfor-
mance, Lp norm is used instead of L2 norm. The proposed Lp norm
graph regularization term can be formulated as

g(zk) = ||PZI<||$~ (34)
Then, the proposed Laplacian Lp norm least squares twin support
vector machine can be formulated as

. 1
min £y = = [[Aw; +e1b[|) + cillwy |5 + cq|bq [P
wy.bq 2

+¢2||Bwy + e2by + ez ||5 + c3||PZy |5, (35)

. 1
min£; = §||BW2 + eaby||h + cillwa 5 + c11b2|P + 2|
2,Y2

—Aw; — e1b; +eq |5 + c3||PZy |5, (36)
where ¢y, ¢y, c3 > 0 are regularization hyperparameters, A ¢ R™*d,
B e R™x*d are the positive and negative data, respectively. e;, e,
and e are vectors of ones with appropriate dimensions. We set

=[Ae],G=[Bey], (37)
then Egs. (35) and (36) can be rewritten as

ming, £1 = 3|HZ1 15 + c1[1Z1 |1 + c2l|GZy + ex|I5 + c3 [ PZy |15,
(38)

ming, £5 = ||GZ || + c1|1Z2 |15 + c2ll — HZ, + eq ||} + c3||PZ, |15,
(39)

an efficient iterative algorithm is designed to solve the optimiza-
tion problem. After introducing the diagonal matrix, Eq. (38) can
be rewritten as

. 1
l'l}ll‘l L1 = *ZIHTDlel + C]ZID221 + C (GZl + ez)T
1

2
D3 (GZ1 + 62) + C3ZIPTD4PZ1 s (40)
where
H 1

Dy = diag( znz 5 AT i)
D, = diag( \Zu\z P [ZpPr C Zan PP
D5 = diag( \G|z.+1|2 P Gz [ TP )
Dy = diag( 7 a0 mar )

H;, G; denote the ith row data of matrix H and G, respectively.
P, represents the ith row data of matrix P. Z;; denotes the ith ele-
ment of Z;. my, my are the number of positive and negative data,
respectively. m is the number of total training data. By taking the
derivative of Eq. (40) with respect to Z; and setting it to zero, we
can obtain

Vz,£1 = H'D1HZ; + ¢1DyZ; + ¢;G"D3(GZ; + €3)
+c3Z{ PTD4PZ; =0, (41)
then we can obtain
Zy = —Cy(HTD1H + ¢1D3 + ¢;G™D3G + c3PTD4P) "1 - G D3ey,
(42)
similarly, for Z,, we can obtain
Zy =C3(GTEy G+ ¢1Ey + ©HTEsH 4+ c3PTE4P)~1 - HTEzeq,  (43)

where

£y = diag( \c|zz\2 » \czzzv 5 Gt )

E; = diag( \zz.v P m)

Es = diag(y; Zz+1\2 5 AR A1 )
Es = diag pzps. mzps o mar )
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The algorithm for linear Lap-LpLSTSVM is formulated in
Algorithm 1. After we obtain the two nonparallel hyperplanes,

Algorithm 1 Linear Laplacian Lp norm least squares twin support
vector machine.

1: Input:the data matrix M, the weight parameter §; for k near-
est neighbor,the parameters cq, ¢3, c3of Lap-LpLSTSVM (chosen
by five-fold cross-validation),convergence constant € and max-
imum iterations kmax.

2: Initial: initialize Z; and Z, with the vectors of ones.

: Obtain the adjacency matrix by Eq. (3), and then the graph

Laplacian can be obtained by L=D —W.

: Repeat

update Z; by the Eq. (42).
update Z, by the Eq. (43).
t=t+1.

: Until t == kmax or (max(abs(Zt

Zith) < e).

9: Obtain the final label of test data by Eq. (21).

w

® N DU R

—Z4t1)) < € and max(abs(Z, —

Eq. (21) can be used to obtain the label of data.

3.2. Nonlinear Laplacian Lp norm least squares twin support vector
machine

In this section, we extend linear Lap-LpLSTSVM to the non-
linear case. The decision function can be written as fi(x) =
¢ (x) + by, where ¢(-) is the nonlinear mapping from the low di-
mensional space to higher dimensional Hilbert space #. The two
kernel-generated nonparallel hyperplanes are formulated as

fr®) =K&".M"u; +b; =0

fo(x) = K&, M uy +by =0, (44)
where M € R+xd represents total labeled and unlabeled data,
and K(.,-) is a chosen kernel function such as RBF kernel. The op-

timization problems for nonlinear Lap-LpLSTSVM can be expressed
as

) 1
min £; = §||K(A,MT)U1 +erbi |5+ cqlluglIh + c1|bq [P
1.Y1

+C|[K(B, MT)uy + ezby + e3||5 + c3[|Pp1 ||, (45)

. 1
minf, = §||K(B, MT)u; + exby|Ih + crlluzllh + c11b2|P + 2|

uy,by

(46)

~K(A, M )u, —e1by +eq |}

where py = [u] b]T(k=1,2), P=VIUT[K(M,MT)e], u; and u;
are relevant coefficients. We set

Hy = [K(A, MT)e], Gy = [K(B, MT)e,]. (47)
Similarly to the linear Lap-LpLSTSVM, we can obtain

p1 = —Ca(HyDy1Hyp + c1Dgs + ¢2GDy3Gy + €3Pf DyaPy) ™!

N
~G¢D¢3€2, (48)
where
H 1
Dy = diag( \HWJ, 7 TP Ty )
1 1 1
Dy> = diag( 7 s o7 s 2

1
Dys = dlag(\GmmHV [N szmﬂlz A ICMZ/J‘HP’")‘

Dys = diag (o moprs T )

Ggi» Hy; denote the ith row data of matrix G4 and Hg, respec-
tively. Py; denotes the ith row data of matrix P. py; denotes the ith
element of vector p;. my and m, are the number of positive and
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negative data, respectively. m is the number of total training data.
Similarly to p;, we can obtain

T T T -1 T
P2 =0Cy (G¢E¢1 G¢ + C]E¢2 + C2H¢ E¢3H¢ + C3P¢ E¢4P¢) . H¢ E¢3€1 s
(49)
where
_ di 1

Eyy = diag(; G¢|pz|2 7 \GwzﬂzV 70 Gy 27 ).

E¢2 = dlag( \l’2||2 " \/022\2 P Ty PP ), .

Egs = diag( ¢1pz+1|2 7 Poape T o, 1T )

E¢4 = dlag(\ IPZ\Z DY Pppal2’ 7 Pympal®? )-

p1 and p, can be updated by Egs. (48) and(49). A new data
x € R? is assigned to the corresponding class depending on which
of two hyperplanes it is closer to, i.e.,
[KGT M7y +by|
U K(MM )y, *
The algorithm for nonlinear Lap-LpLSTSVM is formulated in the
Algorithm 2.

classi = argminy_q , (50)

Algorithm 2 Nonlinear Laplacian Lp norm least squares twin sup-
port vector machine.

1: Input:the data matrix M, the weight parameter §; for k nearest
neighbor,the parameters cq, cy,c; and the RBF kernel param-
eter §,0f nonlinear Lap-LpLSTSVM (chosen by five-fold cross-
validation),convergence constant € and maximum iterations

kmax-
2: Initial: initialize p; and p, with thevectors of ones.
: Obtain the adjacency matrix by Eq. (3), and then the graph
Laplacian can be obtained by L=D —W.
: Repeat
update p; by the Eq. (48).
update p, by the Eq. (49).
t=t+1.
: Until t == kpax or (max(abs(p} — pf
p5h) <€)
9: Obtain the label of test data by Eq. (50).

w

® N2 R

*1)) < € and max(abs(p} —

3.3. Time complexity

In this section, we analyze the time complexity of our proposed
Lap-LpLSTSVM. N and d are set as the number of total training data
and the dimension of each data, respectively. T is the maximal
number of iterations. The time complexity of constructing adja-
cency matrix and eigenvalue decomposition are both O(N?). Mean-
while, in the linear case, we need to find the inverse matrix of a
(d+1) x (d+ 1) matrix whose time complexity is 0((d + 1)3). As
a whole, the time complexity of our proposed Lap-LpLSTSVM in
the linear case is O(2T(d + 1)3). As for its kernel version, the in-
verse matrix of a N x N matrix whose time complexity is O(N3)
needs to be obtained. Therefore, for the nonlinear Lap-LpLSTSVM,
the time complexity is O(2TN3).

4. Experiment

In this section, to demonstrate the effectiveness of our proposed
algorithm, we evaluate our algorithm on the task of binary classifi-
cation in synthetic and real-world datasets. The synthetic datasets
we use in the experiment are two moons and two lines. UCI and
Handwritten Numeral are real-world datasets. Our experiments are
run in MATLAB 2016b on an Intel Core i7-9700K with 32GB RAM.
We compare our proposed method with Lap-SVM, Lap-TSVM, Lap-
LSTSVM, and manifold proximal support vector machine (MPSVM)
[33]. As known, least squares twin support vector machine [14] is
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a classical machine learning algorithm. To show that our proposed
method can make full use of unlabeled data to exploit the geo-
metric information embedded in the data, we adopt LSTSVM which
uses the same labeled data to train the classifier for comparison.

o Lap-SVM: Laplacian SVM. It uses the hinge loss with the man-
ifold assumption to construct a hyperplane classifier.

e Lap-TSVM: Laplacian twin SVM. It adopts manifold assump-
tions and exploits the geometric information embedded in data to
construct two nonparallel hyperplanes to classify the data.

o Lap-LSTSVM: Laplacian least squares twin SVM. It introduces
a meaningful regularization hyperparameter to balance the RKHS
term and manifold regularization term. With the CG algorithm,
two systems of linear equations can be solved.

o MPSVM: Manifold proximal SVM. It includes discriminant and
underlying geometric information to construct a more reasonable
classifier. The optimal nonparallel proximal hyperplanes can be
obtained by solving a pair of standard eigenvalue decomposition
problems.

o LSTSVM: Least squares twin SVM. It is a classical machine
learning algorithm, which requires the solution of two systems of
linear equations.

4.1. Experiment setting

In this section, we demonstrate the detailed setting of our ex-
periments. To partition datasets, the percentages of labeled and to-
tal training data are set to 8% and 60%, respectively. The percentage
of test data is set to 40%. The maximum number of iterations is set
to 20 and the threshold € is set to 10~4. The p value of Lp norm
is selected from the set {1, 1.5, 2, 3,5}. All the data are located in
[0,1] before the training, and the best performance is highlighted.

As known, the performance of our proposed algorithm and
other compared algorithms depends on the choice of hyperparam-
eters [34] and the cross-validation method is employed to find the
optimal hyperparameters. In our experiments, the five-fold cross-
validation is used to select the optimal hyperparameters. In the
procedure of selecting hyperparameters, both labeled and unla-
beled data are divided into five groups, and four groups of labeled
and unlabeled data are used to train the model. After the model
is trained, the rest one group of the labeled data is used to be the
validation set to obtain the accuracy. The process is repeated for
five times. In the linear case, for the sake of brevity, ¢y, c, are cho-
sen from the set {2i|i=-5,-4,..., 4,5} and c3 is equal to c,. In
the nonlinear case, we set ¢; = ¢; = ¢3, €1, C3, c3 and RBF kernel
parameter &, are also selected from the set {2i|i = -5, —4,...,4,5}.
After the optimal hyperparameters are obtained by the strategy of
cross-validation, they can be used to train the model. This process
is repeated for five times, and the average accuracies and time are
reported.

4.2. Experiments on synthetic datasets

In this section, we use two synthetic datasets containing two
moons and two lines to make experiments. These two synthetic
datasets have two features and can be divided into two cate-
gories. In order to further validate the effectiveness of the pro-
posed method, we also add Gaussian noise with the mean value
of zero and standard deviation of 0.1, 0.2, and 0.3 to the origi-
nal data. The distributions of two moons and two lines which are
added to the noise of mean value of zero and standard deviation of
0.2 are shown in Fig. 2. We compare our algorithm with the other
state-of-the-art algorithms in linear and nonlinear cases. The re-
sults of linear and nonlinear cases for synthetic datasets are shown
in Tables 1 and 2, respectively.

In the linear case, we can see that our proposed method
achieves the optimal performance in five datasets except for the
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(b) Two Lines

Fig. 2. Distributions of two moons and two lines datasets under the noise of mean value of zero and standard deviation of 0.2.

Table 1

The testing accuracy and training time on synthetic datasets(linear case).

Datasets Lap-SVM Lap-TSVM Lap-LSTSVM MPSVM LSTSVM Lap-LpLSTSVM
Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc£Std(%) Acc+Std(%) Acc+Std(%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
Two moons(0.1)  85.83+£10.79  91.42+4.55  94.25+1.85 94.00+4.31 93.50+4.40  95.00+1.06
0.0371 0.0205 0.0098 0.0217 0.0004 0.0708
Two moons(0.2)  76.25+18.45  91.50+3.32  93.75+0.98 93.08+1.55 93.67+4.15 93.83+1.08
0.0611 0.0232 0.0153 0.0144 0.0004 0.0339
Tow moons(0.3)  71.83+£19.61 88.67+£5.45  91.33+2.52 89.17+4.04  91.92+3.18  92.17+2.27
0.0311 0.0201 0.0103 0.0228 0.0004 0.0762
Two lines(0.1) 53.75+7.47 97.42+1.26  97.58+1.46 99.00+0.63 96.83+1.83  99.00+0.86
0.0325 0.0215 0.0097 0.0124 0.0004 0.0793
Two lines(0.2) 53.75+7.47 98.50+0.48  99.33+0.37 99.25+0.1 96.17+1.16  99.08+0.46
0.0415 0.0214 0.0096 0.0135 0.0004 0.0475
Two lines(0.3) 83.08+9.38 97.50+0.78  97.67+0.63 98.00+0.80 94.41+3.26  98.08+0.81
0.0579 0.0157 0.0107 0.0116 0.0004 0.0691

dataset two lines(0.2). In the nonlinear case, our method also
obtains the optimal performance in four datasets except two
moons(0.1) and two moons(0.3) datasets. The results show the ef-
fectiveness of our proposed Lap-LpLSTSVM.

4.3. Experiments on UCI datasets

In this section, we perform our proposed method and other
compared methods on the real-world datasets from the UCI ma-
chine learning repository. The details of the datasets are summa-
rized in Table 3. Tables 4 and 7 list the results of all methods in
the linear and nonlinear cases for UCI datasets. In the linear case,
our proposed method obtains 1.43%, 6.39%, 7.86%, and 2.76% im-
provement on datasets Seeds, Vehicle, lonosphere, and Liver re-
spectively than the second baseline. In the nonlinear case, our pro-
posed method obtains 1.38%, 0.57%, 3.9% improvement in datasets
Glass, Tonosphere, and Wilt respectively than the second baseline.
These results show the effectiveness of our proposed method.

4.4. Experiments on handwritten numeral datasets

Handwritten Numeral datasets contain the digits from O to 9,
and each digit contains 200 data. Since Handwritten Numeral are

multi-view datasets, we use one of its views to make the experi-
ments. The Fourier coefficients of characters shapes (FOU) are used
to evaluate the performance of our proposed Lap-LpLSTSVM and
compared methods. Two digits which contain 400 data are ran-
domly selected from the datasets, and we select six numeral pairs
for the experiments. Tables 6 and 8 show the results of the linear
and nonlinear cases for our and compared methods on Handwrit-
ten Numeral datasets.

From Tables 6 and 8, we can see that our method achieves the
optimal performance for all of the datasets in the linear case and
obtains the optimal performance in five datasets in the nonlinear
case. During the process of cross-validation, the accuracy versus ¢;
and ¢, for Handwritten Numeral datasets are shown in Figs. 3, 4
and 5. They show the effect of changing values of c; and ¢, on ac-
curacy. In the dataset Handwritten Numeral (0 9), we can see that
the accuracy is not sensitive to the choice of ¢; and c,. In dataset
Handwritten Numeral (1 4), the optimal accuracy can be obtained
when c¢; <0.0625. In dataset Handwritten Numeral (1 6), opti-
mal accuracy is obtained when c¢; < 0.125. In dataset Handwritten
Numeral (2 6), the performance is optimal when c¢; < 0.025 and
¢, > 8. In Handwritten Numeral (2 9) and Handwritten Numeral (6
9) datasets, the performance is optimal when c¢; < 0.0625. Accord-
ing to the analysis above and Figs. 3-5, we can obtain the follow-
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The testing accuracy and training time on synthetic datasets(nonlinear case).

Datasets Lap-SVM Lap-TSVM Lap-LSTSVM  MPSVM LSTSVM Lap-LpLSTSVM
Acc+Std(%) Acc+Std(%) Acc£Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
Two moons(0.1)  86.75+2.13  96.17+7.18  92.7540.96  91.08+3.11 99.75+023  96.75+1.54
0.1809 0.1530 0.0509 1.1421 0.0012 0.1957
Two moons(0.2)  72.08+17.27  96.67+2.95 71.25+17.85  84.50+9.35  96.08+3.52  96.75+1.16
0.2571 0.1656 0.0810 0.4541 0.0011 0.3581
Two moons(0.3)  49.75+332  93.63+2.31  58.00+16.07 94.13+1.80  94.67+454  90.63+1.59
0.1183 0.1372 0.8270 1.0076 0.0012 1.0100
Two lines(0.1) 51.00£4.15  94.1743.82  52.2546.11 89.0043.65  95.00+3.08  95.17+4.77
0.0616 0.0366 0.0609 0.1690 0.0012 0.0730
Two lines(0.2) 50.92+4.02  97.83+1.65 52754592  85.67+11.61 92424291  98.33+0.66
0.0792 0.0256 0.0304 0.8450 0.0011 0.3033
Two lines(0.3) 50.75+3.98  95.83+4.70 52334526 757541271  92.42+4.08  96.00+2.10
0.0408 0.0412 0.0280 0.1683 0.0011 0.0991
Table 3 in five of the six datasets for the linear case and in four of the six
Description of the UCI datasets. datasets for the nonlinear case, which indicates that our method
Datasets Selected classes  Instances  Attributes can also deal with noisy datasets and obtain good performance.
Class (1.2) 146 9 Tables 4 and 7 show the results of UCI datasets. Our proposed
Seeds 1.2) 140 7 method outperforms other compared methods all except dataset
Vehicle (12) 429 18 Wilt in the linear case. In the nonlinear case, our method does
f{”s“a“a“ - igg 12 not achieve the optimal performance just for the datasets Seeds
Hopsevotes - 308 3 and Australian. Tables 6 and 8 show the results of six selected nu-
lonosphere - 351 34 meral pairs on Handwritten Numeral datasets. In the linear case,
Liver - 345 6 our proposed method outperforms all compared methods in all
Pima - 768 8 datasets, which shows the advantage of our proposed algorithm.
wilt - 500 5

ing conclusions: (1) The optimal value of c; is selected from the set
{0.03125, 0.0625, 0.125}, so we recommend that c; takes a smaller
value. (2) In order to achieve better performance, c, tends to take
a larger value.

4.5. Discussion
Tables 1 -2 shows the results of our proposed Lap-LpLSTSVM

in the linear and nonlinear cases on synthetic datasets. We can
see that our proposed method achieves the optimal performance

Table 4

In the nonlinear case, we can see that our method obtains the op-
timal performance in five datasets. Meanwhile, our method out-
performs LSTSVM which only uses the same labeled data to train
on almost all of the datasets. It indicates that our method can
take advantage of unlabeled data to exploit the geometric infor-
mation embedded in the data. In a word, we can see that our pro-
posed method not only can handle noisy synthetic and real-world
datasets but also can make full use of unlabeled data.

Analysis of Variance (ANOVA) is a statistical hypothesis test,
which can be used to analyze the accuracy results and test the
significance differences between several groups of results. In or-
der to evaluate whether the performance improvement observed

The testing accuracy and training time on UCI datasets(linear case).

Datasets Lap-SVM Lap-TSVM Lap-LSTSVM MPSVM LSTSVM Lap-LpLSTSVM
Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) AccStd(%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
Glass 51.72+£5.45 56.21+£7.07  58.62+7.31 49.294+3.91 61.03+6.96 61.03+7.57
0.0087 0.0190 0.0012 0.0013 0.0003 0.0090
Seeds 67.86+20.04  94.64+3.09  94.64+3.99 73.57+£20.92  93.21+7.29 96.07 + 4.07
0.0067 0.0184 0.0011 0.0013 0.0002 0.0026
Vehicle 49.194+4.08 51.51£1.77  50.70+5.43 52.62+3.08 54.77+4.22 61.16£5.72
0.0203 0.0154 0.0050 0.0078 0.0005 0.0362
Australian 85.65+2.27 85.72+2.47  85.80+2.13 63.28+6.54 85.86+1.93 85.87+2.23
0.0586 0.0275 0.0181 0.0218 0.0007 0.1095
Housevotes ~ 87.01+5.15 91.26+3.53  91.26+3.02 91.18+2.33 55.17+4.92 91.26+4.01
0.0204 0.0160 0.0058 0.0058 0.0004 0.0469
Haberman 72.79+2.68 70.82+£5.46  72.62+5.84 72.13+2.24 66.23+13.38  73.61+1.58
0.0140 0.0199 0.0048 0.0037 0.0003 0.0555
lonosphere 69.57+7.01 72.29+9.25  77.86+6.59 72.14+4.26 80.00+4.68 87.86+2.42
0.0371 0.0115 0.0049 0.0066 0.0006 0.0.0940
Liver 54.32+9.36 53.48+8.28  56.81+6.39 56.81+10.61 55.51£10.67  59.57+5.53
0.0207 0.0115 0.0049 0.0066 0.0003 0.0278
Pima 67.62+2.75 75.18+2.90  74.854+3.53 57.22+3.90 63.97+2.41 76.03+2.72
0.0760 0.0338 0.0228 0.0185 0.0006 0.0517
Wilt 61.80+2.84 58.60+£5.33  56.10+11.21  87.10+1.71 60.7+4.55 82.80+3.21
0.0479 0.0172 0.0064 0.0090 0.0004 0.0492
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Table 5
The p-value for the results of UCI datasets (linear case) for ANOVA.
Ours V.S. Lap-SVM Lap-TSVM Lap-LSTSVM MPSVM LSTSVM
p-value 0.0048 0.0278 0.0630 0.0102 0.0590
Table 6
The testing accuracy and training time on Handwritten Numeral datasets(linear case).
Selected numeral pairs  Lap-SVM Lap-TSVM Lap-LSTSVM  MPSVM LSTSVM Lap-LpLSTSVM
Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
09 70.25+24.99  99.63+0.56  99.63+0.56 99.75+0.34 99.50+0.28  99.88+0.28
0.1145 0.0699 0.0200 0.0114 0.0025 0.3129
14 51.00+3.66 75.75+8.61 77.63+6.75 78.88+14.57  84.88+9.22  86.00+5.97
0.0301 0.0422 0.0193 0.0093 0.0040 0.0484
16 52.87+6.40 83.384+4.93  84.13+3.47 87.00+3.26 85.50+£5.40  89.13+4.30
0.0379 0.0544 0.0281 0.0088 0.0034 0.6306
26 55.50+9.64 91.75+7.41  92.12+5.51 96.12+2.91 91.88+4.10  97.63+0.81
0.0298 0.0443 0.0167 0.0093 0.0471 0.2641
29 58.13+12.36  92.75+5.39  89.25+7.17 95.75+2.31 93.38+4.89  97.37+2.00
0.0178 0.0207 0.0178 0.0081 0.0505 0.0902
69 49.75+3.32 78.62+2.70  50.13+3.26 51.13+2.44 51.13+4.56  55.00+3.278
0.0186 0.0567 0.0162 0.0082 0.0025 0.045
Table 7
The testing accuracy and training time on UCI datasets(nonlinear case).
Datasets Lap-SVM Lap-TSVM Lap-LSTSVM MPSVM LSTSVM Lap-LpLSTSVM
AccStd(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) AccStd(%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
Glass 51.72+5.45  63.45+5.64  52.07+7.75 51.03+10.74  60.35+6.90  64.83+11.48
0.0073 0.0331 0.0137 0.0070 0.0003 0.0380
Seeds 85.00+2.68  83.41+1.99  85.65+2.27 94.64+2.82 93.93+3.25  85.00+ 3.35
0.0943 0.0353 0.0289 0.0056 0.0003 0.1502
Vehicle 72.79+£2.68  71.31+5.71 67.87+5.66 55.574+21.43  51.63+4.22  72.95+5.82
0.0190 0.0431 0.0219 0.0881 0.0008 0.3495
Australian 85.00+2.68  83.41+1.99  85.65+2.27 70.94+12.52  85.00+2.78  85.00+3.35
0.0943 0.0353 0.0289 0.2920 0.0014 0.1502
Housevotes ~ 87.70+2.13  88.85+4.35  87.13+7.68 54,14+4.64 58.28+1.70  89.20+5.38
0.0223 0.0676 0.0196 0.0558 0.0011 0.0820
Haberman 72.79+£2.68  71.31+5.71 67.87+5.66 55.57+21.43  69.67+4.26  72.95+5.82
0.0190 0.0431 0.0219 0.0881 0.0005 0.3495
Ionosphere 68.57+5.27  84.86+7.99  56.14+23.34  79.14+6.80 85.29+3.37  85.43+7.03
0.2004 0.0469 0.0265 0.2444 0.0145 0.1774
Liver 53.04+£8.79  57.97+4.26  53.624+9.15 59.13+5.99 57.684+2.02  59.28+3.92
0.0188 0.0477 0.0283 0.0290 0.0065 0.4338
Pima 67.30+2.23  74.33+3.52  70.49+4.17 68.08+6.55 64.95+1.29  74.92+3.96
0.0532 0.0406 0.0363 0.1947 0.0017 0.8700
Wilt 61.80+2.84  60.00+2.42  61.80+2.84 4570+11.19  58.10+8.48  65.70+4.74
0.0200 0.0171 0.0104 0.1062 0.0008 0.5857

Table 8

The testing accuracy and training time on Handwritten Numeral datasets(nonlinear case).

Selected numeral pairs  Lap-SVM Lap-TSVM Lap-LSTSVM MPSVM LSTSVM Lap-LpLSTSVM
Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%) Acc+Std(%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)

09 77.62+17.10  98.13+4.19  49.75+3.32 99.63+0.56 99.134+0.84 98.754+0.99
0.0082 0.1338 0.0209 1.1174 0.0007 0.0289

14 66.50+3.74 82.13+7.48  49.75+3.32 83.75+£1.93 86.00+5.62 88.00+2.18
0.0083 0.0182 0.0146 0.1551 0.0008 0.0892

16 82.384+14.03  87.50+3.03  49.75+3.32 72.75£19.47  88.75+4.49 89.63+4.52
0.0103 0.0348 0.0288 0.1128 0.0008 0.0892

26 88.50+12.08  96.37+1.43  49.75+3.32 95.63+2.58 94.88+3.35 96.62+0.95
0.0105 0.1437 0.0458 0.0725 0.0007 0.3092

29 70.75+15.61 94.754+2.67  49.75+3.32 95.384+2.28 93.634+2.355  95.63+2.50
0.0081 0.0570 0.0741 0.0872 0.0007 0.2575

69 49.75+4.77 51.00+3.87  50.25+3.32 47.8742.19 50.25+3.24 52.38+3.17
0.0081 0.1665 0.0465 0.4755 0.0007 1.3161

from the proposed Lap-LpLSTSVM is statistically significant. The
proposed Lap-LpLSTSVM and compared methods are used for pair-
wise comparison on UCI datasets. The null hypothesis is that there
is no significant difference in accuracy between the two methods
on these datasets. The accuracy results on UCI datasets are shown
in Table 4, and we use the MATLAB toolbox to obtain the p-value

whose results are described in Table 5. The p-value for the ac-
curacy of Table 7 is shown in Table 9. Since all the p-value in
Tables 5 and 9 are less than 0.1, the significant differences are at
the 0.1 significant level.

Figures 6-8 indicates the change in the objective function value
with respect to each iteration on Handwritten Numeral datasets.
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Fig. 3. Accuracy versus ¢; and ¢, on datasets Handwritten Numeral (0 9) and Handwritten Numeral (1 4).

Fig. 4. Accuracy versus ¢; and ¢, on datasets Handwritten Numeral (1 6) and Handwritten Numeral (2 6).
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Fig. 5. Accuracy versus ¢; and ¢, on datasets Handwritten Numeral (2 9) and Handwritten Numeral (6 9).

Table 9

The p-value for the results of UCI datasets (nonlinear case) for ANOVA.

LSTSVM
0.0844

MPSVM

0.0116

Lap-LSTSVM

Lap-SVM Lap-TSVM
0.0076 0.0393

0.0284

Ours V.S.

p-value

10
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We can observe that the loss curve falls fast and converges within
several iterations. The results empirically show the convergence of
the proposed method.

There are several reasons why our method outperforms other
compared state-of-the-art methods. (1) The p value of the Lp norm
is adjustable, and desired performance can be achieved by choos-
ing the appropriate value of p. (2) The proposed novel Lp graph
regularization term can effectively exploit the geometric informa-
tion embedded in the data, which is beneficial to find the optimal
classifier. (3) The iterative strategy can effectively deal with the op-
timization problem, which will obtain a better performance.

5. Conclusion

In this paper, we propose a novel Laplacian Lp norm least
squares twin support vector machine for semi-supervised classi-
fication. The strength of the proposed Lap-LpLSTSVM is that it can
efficiently exploit the geometric information embedded in the data
with the introduced Lp norm graph regularization term and the

1

value of p is flexible. Besides, an efficient iterative method is intro-
duced to update the parameters of two nonparallel hyperplanes.
At the same time, our proposed method converges in several iter-
ations, which shows the high efficiency of our approach.

In the experiment, the results on synthetic and real-world
datasets demonstrate that the proposed method can achieve bet-
ter performance than other state-of-the-art methods in linear
and nonlinear cases. In order to show that our proposed semi-
supervised approaches outperform their supervised counterparts,
LSTSVM which uses the same labeled data as the training data
is used to compare with the proposed Lap-LpLSTSVM. The results
indicate the advantage of our Lap-LpLSTSVM. The disadvantage is
that our method has several hyperparameters which need to be
tuned. In the future, we can extend our method to unsupervised
K plane clustering. Multi-view learning is also an extensible direc-
tion, and we can exploit the complementary and consensus infor-
mation among views based on our method. Besides, we can also
extend our model to transfer learning.
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